Abstract. We prove that symplectic quasi-states and quasi-morphisms on a symplectic manifold descend under symplectic reduction on a superheavy level set of a Hamiltonian torus action. Using a construction due to Abreu and Macarini, in each dimension at least four we produce a closed symplectic toric manifold with infinite dimensional spaces of symplectic quasi-states and quasi-morphisms, and a one-parameter family of non-displaceable Lagrangian tori. By using McDuff's method of probes, we also show how Ostrover and Tyomkin's method for finding distinct spectral quasi-states in symplectic toric Fano manifolds can also be used to find different superheavy toric fibers.
Introduction and Results

An overview and statement of results. In the series of papers [EP03, EP06, EP08, EP09], Entov
and Polterovich introduced a way to construct symplectic quasi-states and quasi-morphisms on a closed symplectic manifold (M, ω). Their construction and its generalization by Usher [Ush11] and FukayaOh-Ohta-Ono [FOOO11b] is based on spectral invariants in Hamiltonian Floer theory and requires the algebraic condition that some flavor of the quantum homology algebra QH(M, ω) contains a field summand. Since quantum homology is not functorial, in general there is no algebraic way to create new quasi-states and quasi-morphisms from known examples. In [Bor12] a 'geometric functoriality' for quasistates and quasi-morphisms was found, which makes no reference to quantum homology and for example lets one symplectially reduce a quasi-state on M to a subcritical symplectic hyperplane section Σ. In this paper we will adapt this procedure to symplectic reduction for Hamiltonian torus actions.
Symplectic quasi-states are functionals ζ : C ∞ (M ) → R that satisfy the following three axioms. For H, K ∈ C ∞ (M ) and a ∈ R:
(1) Normalization: ζ(1) = 1. A subset X ⊂ M is displaceable if there is a ϕ ∈ Ham(M, ω) so that ϕ(X) ∩ X = ∅ and X is stably
This work is partially supported by the NSF-grant DMS 1006610. One application of Ham(M, ω)-invariant symplectic quasi-states is to the study of displaceability of subsets [BEP04, EP06, EP09, FOOO11b] . A closed subset X ⊂ M is superheavy with respect to a symplectic quasi-state ζ if for all H ∈ C ∞ (M ) (1) min
So in particular if X is superheavy for ζ and H| X = c, then ζ(H) = c. Two superheavy sets of the same quasi-state ζ must intersect, and hence a superheavy set X is non-displaceable if ζ is Ham(M, ω)-invariant.
A homogeneous quasi-morphism on a group G is a function µ : G → R so that nµ(g) = µ(g n ) for all n ∈ Z and g ∈ G, and for some D ≥ 0: (2) |µ(g 1 g 2 ) − µ(g 1 ) − µ(g 2 )| ≤ D for all g 1 , g 2 ∈ G. See [Cal09, Kot04] for more information about quasi-morphisms.
A general construction of homogeneous quasi-morphisms on the universal cover of the group of Hamiltonian diffeomorphisms µ : Ham(M, ω) → R was developed in [EP03, EP08, FOOO11b, Ost06, Ush11] also using spectral invariants. Every element in φ ∈ Ham(M, ω) can be generated by some Hamiltonian F : M × [0, 1] → R that is normalized in the sense that M F (·, t) ω n = 0 for all t. If φ F denotes the the Hamiltonian isotopy generated by such an F , quasi-morphisms built with spectral invariants have the two additional properties.
(1) Stability: For normalized F, G : 
(Y 2n , ω α ) is obtained from a standard (CP n , ω) with moment polytope given by
by performing a small blowup at the point (x 1 , . . . , x n ) = 0 and a large blowup at the codimension two face given by x 1 = 0 and x 2 + · · · + x n = 1.
Since being non-displaceable is a closed property, it follows that the fibers over diag(α) and (
, α, . . . , α) are non-displaceable as well. This non-displaceability result was originally proven for n = 2 by Fukaya-Oh-Ohta-Ono [FOOO10b, We will show that the Abreu-Macarini argument works for general n and furthermore that each L n λ is obtained by symplectic reduction on a level set that is superheavy for a symplectic quasi-state with the PB-inequality that comes from a stable homogeneous quasi-morphism. This leads to the following theorem, which is proved in Section 3.2.
for which L n λ is superheavy with respect to the associated symplectic quasi-state ζ λ .
Since the Lagrangian torus fibers L n λ are disjoint, it follows from (11) and (1) that for any finite collection of λ's the associated collections of quasi-morphisms µ λ are linearly independent in the vector space of homogeneous quasi-morphisms and the quasi-states ζ λ are linearly independent in the convex space of quasi-states. This implies the following corollary. (ii) the fiber L k,λ ⊂ (X 2n k , ω λ ) from Theorem 1.6 is superheavy for a spectral quasi-state, and (iii) products of these quasi-states given by the comments in either Section 2.3 or Corollary 3.2.
Using only these inputs, the method of proof for Theorem 1.2 applies verbatim to every non-displaceable toric fiber obtained by Abreu-Macarini [AM11, Section 5]. In fact, the only fiber from (ii) that is used In the first example [AM11, Application 9], Abreu-Macarini show that there is a non-displaceable toric fiber L k in each Hirzenbruch surface 
The Clifford torus L c , which is the fiber over diag( Note that when λ = n−k−1 n+1 , the two fibers in Theorem 1.6 are equal and this corresponds to the monotone case. For large blowups
is a stem, meaning that every other fiber is displaceable, which can be verified by McDuff's method of probes [McD09] . We highlight this result because its method of proof generalizes to finding superheavy fibers for other non-monotone symplectic toric Fano manifolds. For instance it is possible to show that for certain facet symmetric symplectic toric Fano manifolds considered by Maydanskiy-Mirabelli [MM11] , there are distinct quasi-states with disjoint superheavy Lagrangian toric fibers. Previous explicit non-displaceability results for moment map fibers of toric manifolds that used quasi-states, tended to be in the monotone setting [EP09] or required finding a stem [EP06] . The proof is also similar to the methods used in Lagrangian Floer homology that relate critical points of the Landau-Ginzburg potential, and its various deformations, to non-displaceable fibers of the moment map of a symplectic toric manifold [FOOO10a, FOOO10b, FOOO11a, FOOO11b, WW11, Woo11].
1.2. Notations and Conventions. In this paper (M 2n , ω) will always be a closed symplectic manifold. 
The space of smooth paths based at the identity PHam(M, ω), can be identified with PH(M, ω), the space of functions
where paths are considered up to homotopy with fixed endpoints.
1.3. Symplectic quasi-states and quasi-morphisms in symplectic topology. We will start by briefly sketching the construction for quasi-states and quasi-morphisms using spectral invariants from Hamiltonian Floer homology and the quantum homology algebra QH(M, ω), as developed in [EP03, EP06, Ost06, EP08, Ush11, FOOO11b]. We will be a bit vague, since while the outline below remains the same, the conventions and types of spectral invariants vary between authors. Given an element a ∈ QH(M, ω) in the quantum homology algebra, there is an associated spectral invariant defined in terms of Hamiltonian Floer theory, which is a functional
These spectral invariants have the inequality
where a * b is the quantum product in QH(M, ω). Therefore if e is an idempotent, e = e * e, then one has a triangle inequality
c(e, F #G) ≤ c(e, F ) + c(e, G).
For an idempotent e, one can form µ(e, ·) :
which descends to a function
As it is nicely laid out in [Ush11, Theorem 1.4], if e ∈ QH(M, ω) is an idempotent and there is a uniform bound for the associated spectral norm, meaning that for all
→ R is a homogeneous quasi-morphism. As observed by McDuff and explained in [EP08] , the arguments in [EP03] show that if an idempotent e splits off a field summand from QH(M, ω) then (9) is satisfied and hence µ(e, ·) is a quasi-morphism. We will call any quasi-morphism built this way a spectral quasi-morphism. Using (3), such spectral quasi-morphisms induce spectral quasi-states via
Usher has proved that spectral quasi-states and quasi-morphisms exist on any closed symplectic toric manifold and on any closed symplectic manifolds blown up at a point [Ush11, Theorem 
The 'if' part of the 'if and only if' claim follows directly from the definition of ζ µ . This proposition, which is proven in Section 2.6, shows that the Calabi property for µ and the vanishing property for ζ µ are the same thing. preliminary version of their paper [AM11] , which along with my discussions with them was the motivation for this work. I would like to thank my advisor Leonid Polterovich for pointing out the connection between Abreu and Macarini's work and my previous paper [Bor12] , and for his wonderful guidance which significantly improved the presentation and the content of this paper. I would also like to thank Michael Usher, the organizer of the 2011 Georgia Topology Conference, and Yann Rollin, Vincent Colin, and Paolo Ghiggini, the organizers of the Conference on Contact and Symplectic Topology (Nantes, June 2011), for giving me the opportunity to present this work and for organizing such great conferences. Finally I would also like to thank the anonymous referee for their comments and corrections.
2. Proving Theorem 1.1
In this section, let (W 2n , ω) be a closed symplectic manifold equipped with a smooth map Φ : W → R k , a regular level set Z = Φ −1 (0) such that all component functions Φ i Poisson commute on Z, and Φ induces a free Hamiltonian T k -action on Z. Let (M = Z/T k ,ω) be the result of performing symplectic reduction and let ρ : Z → M be the quotient map. As we will explain in Section 2.4, without loss of generality we can assume that Φ induces a free Hamiltonian T k -action in a neighborhood of Z without changing the original free Hamiltonian T k -action on Z. It follows from the equivariant coisotropic neighborhood theorem that any two such models are locally T k -equivariantly symplectomorphic near Z.
The proof of Theorem 1.1 will be in the spirit of [Bor12] , so we will introduce a linear, order preserving map in Section 2.4
in order to pull quasi-states and quasi-morphisms for W back to M . The main properties of Θ are collected into the following lemma, which is proved in Section 2.5.
Lemma 2.1. The map Θ preserves the property of having zero mean and hence can be viewed as a map
Functions in the image of Θ Poisson commute with
Therefore a Hamiltonian diffeomorphism generated by a Hamiltonian in the image of (13) preserves Z and all other level sets of Φ.
At points in Z, the map Θ acts like ρ * :
and respects the Poisson brackets, meaning
If the Hamitlonian isotopies {g
The term measuring the failure of Θ : PH(M ) → PH(W ) to be a homomorphism
This also holds for larger products as well, in particular for Θ(F #k ) # (Θ(F ) #k ).
2.1. Theorem 1.1 for symplectic quasi-states. Let ζ : C ∞ (W ) → R be a symplectic quasi-state with the PB-inequality and assume that our regular level set Φ −1 (0) = Z is superheavy with respect to ζ. For any Θ as in (12), define the functional
to be the pullback of ζ by Θ. We will need the following lemma, which is proved in Section 2.5, to prove thatζ is a symplectic quasi-state. Note that the second claim in Lemma 2.2 proves that F → ζ(Θ(F )) is independent of Θ, provided that Θ satisfies Lemma 2.1.
Proof thatζ is a symplectic quasi-state. The normalization condition forζ follows from the fact (15) that Θ(F )| Z = F • ρ and that Z is superheavy for ζ. The monotonicity condition follows by construction.
For F, G ∈ C ∞ (M ), it follows from Lemma 2.1 that Θ(F ) and Θ(G) Poisson commute with Φ and hence by Lemma 2.2 that
where we used (15) for the last line. Thereforeζ has the PB-inequality, which implies quasi-additivity.
Proof of additional properties ofζ. Suppose that X ⊂ Z is superheavy for ζ. For any function F ∈ C ∞ (M ) such that F | ρ(X) ≥ c, then by (15) we have that Θ(F )| X ≥ c. Therefore since X is superheavy for ζ it follows thatζ (F ) = ζ(Θ(F )) ≥ c and hence ρ(X) is superheavy forζ.
Let g t ∈ Ham(M ) be generated by G t ∈ C ∞ (M ) and let g t ∈ Ham(W ) be generated by Θ(G t ). If follows from (15) and (16) in Lemma 2.1 that on Z
Therefore if ζ is Ham(W )-invariant, then by Lemma 2.2 if follows that
That the (stable) vanishing property passes from ζ toζ follows from the last item in Lemma 2.1. The claim about superheavy sets follows from construction due to the first item in (15). By Proposition 1.7 and the quasi-morphism property of µ, independently of F , µ(Θ(F )) and µ(Θ (F )) are a bounded distance apart. Therefore ifμ is a homogenous quasi-morphism, then it is independent of the Θ used, provided Θ satisfies Lemma 2.1. 
Proof thatμ is a stable homogeneous quasi-morphism. It follows from (17) in Lemma 2.1 and (11) in Proposition 1.7 that
is a homogeneous quasi-morphism.
It follows from (21) The stability ofμ follows from the stability of µ since for normalized functions
and likewise for max.
Proof that the Calabi property passes from µ toμ. By checking on normalized Hamiltonian, one can verify that the quasi-state ζμ formed fromμ and the quasi-state ζ µ formed by reducing ζ µ are equal. If µ has the Calabi property, then ζ µ has the vanishing property and hence so does ζ µ = ζμ. Therefore by Proposition 1.7 it follows thatμ has the Calabi property.
2.3. Products for symplectic quasi-states and quasi-morphisms. Any naïve notion of taking two symplectic quasi-states ζ 1 on (M 1 , ω 1 ) and ζ 2 on (M 2 , ω 2 ), and forming their product symplectic quasi-state
where
In general there is no way to form the products ζ 1 ζ 2 and µ 1 µ 2 for abstract symplectic quasi-states and quasi-morphisms, but in favorable circumstances one can form the product of spectral quasi-states and quasi-morphisms. Suppose one has that
where K is algebraically closed. Then if e i ∈ QH 2n i (M i , ω i ) split off fields, then they must be 1-dimensional since K is algebraically closed and (24) ensures that e 1 ⊗ e 2 still splits off a field. In this case, it follows from [EP09, Theorems 1.7 and 5.1] that products such as (22) and (23) exist for spectral quasi-states and quasi-morphisms using the Entov-Polterovich construction. In Corollary 3.2 below we give a different proof that such products always exist for spectral quasi-states and quasi-morphisms using the Entov-Polterovich construction in the case of symplectic toric Fano manifolds.
It turns out that the property of being able to form products such as (22) and (23) is preserved by the reduction procedure of Theorem 1.1. 1.1, suppose that the symplectic quasi-statesζ i on (M i ,ω c 2 ) is a regular level set and it is superheavy for ζ 1 ζ 2 . Therefore Theorem 1.1 applies and one can form its reduction ζ 1 ζ 2 , which will be a symplectic quasi-state on
Proposition 2.4. In the setting of Theorem
where in the second equality, we switch from cutoff functions centered on Z 1 × Z 2 to cutoff functions centered on Z 1 × W 2 and W 1 × Z 2 . This is permissible since Z 1 × Z 2 is superheavy for ζ 1 ζ 2 . The proof for stable quasi-morphisms is analogous.
A local model for regular level sets of moment maps and the construction of the map Θ.
As described in [Gin07, Example 2.3], our regular level set Z, on which Φ induces a free Hamiltonian T kaction, is a stable coisotropic submanifold of W . In particular there are
Furthermore the neighborhood can be chosen so that
is the moment map for a free Hamiltonian T k -action, since the Hamitlonian action of r on the level set Z × p is the same as Φ's Hamiltonian action on Z. By the coisotropic neighborhood theorem there is a symplectomorphism (27) ψ : (U, ω) → ( U, ω) that is the identity on Z for some neighborhood U of Z ⊂ W and by replacing Φ with
we can assume that Φ gives a free Hamiltonian T k -action in a neighborhood of Z, as was promised at the beginning of Section 2.
Let (M = Z/T k ,ω) be the result of applying symplectic reduction and let ρ : Z → M be the quotient map. Given F ∈ C ∞ (M ), we can lift it to the T k -invariant function ρ * F on Z and then π * ρ * F on U. Let θ : R k → [0, 1] be a smooth function supported near r = 0 such that θ(0) = 1, then we can define (28) Θ :
where θ is a function of the r variable and π * ρ * F is a function on U. Using the symplectomorphism ψ, we can view Θ as a map
and this will be the Θ in (12).
Proofs of Lemmas 2.1, 2.2, and 2.3.
The first lemma will be proved in a local model U ⊂ Z ×R k , where Θ :
is given by (28). For ease of exposition we will think of U as Z × R k and recall that under the local model Φ is identified with the projection r :
Proof of Lemma 2.1. In the local model (Z × R k , ω) from (26),
so integration over the fiber gives
This can be summarized as
and hence Θ preserves the property of functions having zero mean.
The relation (14) holds because r 1 , . . . , r k , ρ * F pairwise Poisson commute. The first claim in (15) follows by construction, and the second follows since at points in
The identify (16) follows from (30) since in the local model
It follows from (16) that X ⊂ M is (stably) displaceable only if
By picking a θ with small support, we can make it so that supp(Θ(F )) is contained in any neighborhood of
For (17), let f t , f t , and (f g) t be the Hamiltonian paths generated by F , Θ(F ), and Θ(F #G), then {θ H, θ K} = {H, K}| Z . Therefore using the PB-inequality for ζ gives
Taking the infimum over of the upper bound gives (19).
For the second claim, we use the same method. Namely by (31) and that ζ is Lipschitz in the C 0 -norm, 
, L}. By the assumption that (sgrad Θ(F s t )) z ∈ T z Z for all z ∈ Z, it follows that (33) can also be seen as a PDE for functions L : Z × [0, 1] → R. Applying Θ to (32) gives , which vanish on Z, we are done.
2.6. Proof of Proposition 1.7. Recall that here (M 2n , ω) is a closed symplectic manifold, µ : Ham(M ) → R is a stable homogenous quasi-morphism, and X ⊂ M is a closed superheavy set for ζ µ .
Proof of Proposition 1.7. We will first prove (11). Let F ∈ PH(M ) be such that F t | X ≤ C for all t and let G ∈ C ∞ (M ) be such that G| X = C and F t ≤ G. Since X is superheavy for ζ µ it follows that 
Since by design {F t , H} = 0, it follows that λH#(F ) n = λH + (F ) n vanishes on X and therefore µ(φ λH#(F )n ) = 0. Since φ λH and φ (F )n commute, using that quasi-morphisms are homomorphisms on commuting elements we have
so µ restricts to the Calabi homomorphism on Ham U (M ).
2.7. The relation between Theorem 1.1 and the results in [Bor12] . Let us briefly explain the relation between Theorem 1.1 and the main results in the paper [Bor12, Theorems 4 and 5]. In the setting of [Bor12, Section 3.1], one has a symplectic quasi-state or quasi-morphism on a symplectic disk bundle (E, ω) → (Σ, σ) that is build from a prequantization space for the closed symplectic manifold (Σ, σ). The disk bundle has a radial function r 2 : (E, ω) → R, that induces a free S 1 -action away from the zero section and performing symplectic reduction on a level set of r 2 recovers (Σ, σ) up to scaling the symplectic form. Therefore if one knew that a certain radial level of the disk bundle was superheavy, then one could apply Theorem 1.1 to achieve the results of [Bor12, Theorems 4 and 5]. However in [Bor12] such knowledge about superheavy level sets is not required, instead due to the special relationship between ω and σ, we are able to build a function Θ : C ∞ (Σ) → C ∞ (E) that globally preserves Poisson commutativity. Furthermore, the failure of Θ to be a Lie algebra homomorphism can be localized arbitrarily close to the boundary of the disk bundle and in this way one can ensure that any failure happens in a small open region whose complement is superheavy.
In contrast to the global Θ in [Bor12] , in this paper we work locally on the level set Z and take full advantage of the fact that Z is superheavy. This is epitomized by the proof of Lemma 2.2 where we only need that Θ is a Lie algebra homomorphism on the level set Z. In the setting of Theorem 1.1, in general it is impossible to build a Θ that preserves Poisson commutativity off of Z, due to the interaction between π * ω 0 and the curvature terms d(r i π * α i ) from (26), which perturb the symplectic form as one moves away from Z. This complication does not occur in the case studied in [Bor12] , where what happens is equivalent to dα i being a scalar multiple of ω 0 .
Proving Theorem 1.2 and Theorem 1.6
As demonstrated by Abreu-Macarini [AM11, Application 7], one can prove that each fiber in the interval in Figure 1 is non-displaceable using that the fiber near a small blowup of CP 2 is non-displaceable. As we will explain, their construction generalizes to the higher dimensional examples (Y 2n , ω α , ∆ n α ) that appear in Theorem 1.2. However, in order to invoke Theorem 1.1 to prove Theorem 1.2, we will need to prove that the fiber near a small blowup of CP n is superheavy for a spectral quasi-state and quasi-morphism, which is a special case of the Theorem 1.6 where k = 0. We will prove Theorem 1.6 in Section 3.1 and we will then prove Theorem 1.2 in Section 3.2. Ostrover and Tyomkin begin by finding a nice presentation of the quantum cohomology ring for symplectic toric Fano manifolds, which allows one to read off the idempotents and the field summands. Recall that a symplectic toric manifold (M, ω) is Fano if it is deformation equivalent through toric structures to one that is monotone. Denote by and its ring structure is a deformation of the normal cup product by Gromov-Witten invariants [MS04] . The convention is to define spectral quasi-states and quasi-morphisms in terms of quantum homology [EP08, Ush11] , using idempotents in the K ↓ -algebra QH 2n (M, ω) that split off a field summand. However by Poincaré duality, one may just as well talk about idempotents in the K ↑ -algebra QH 0 (M, ω) that give a field summand. Since the results in [OT09] we need are stated in terms of QH 0 (M, ω), we will adopt this perspective as well, so from now on K = K ↑ .
Consider a symplectic toric manifold (M 2n , ω) with moment polytope
where a j ∈ R and ξ j = (ξ j 1 , . . . , ξ j n ) ∈ Z n are the primitive interior conormal vectors for the d facets. The Landau-Ginzburg superpotential is given by
The proof of the following theorem appears in Ostrover-Tyomkin [OT09] . 
where ν : K → R ∪ {−∞} is the valuation on K from (36).
As an example of using Ostrover-Tyomkin's method we will prove Theorem 1.6, and let us note the first part of our proof mimics their proof of [OT09, Corollary F]. Proof of Theorem 1.6. Recall that we are looking at (X 2n k , ω λ ), a small blowup of CP n at a k-dimensional face, with moment polytope
First consider the monotone case where λ 0 = n−k−1 n+1 . All the critical points of W λ 0 are non-degenerate and hence (44). Let e p and e p be the corresponding idempotents, then by Theorem 3.1 we have that
and note that these are precisely the coordinates of the two Lagrangian fibers
and Proof. That (p 1 , p 2 ) ∈ (K * ) n 1 +n 2 is a non-degenerate critical point for the potential function W ω 1 ⊕ω 2 and that it corresponds to the idempotent e 1 ⊗ e 2 follows from the definitions and construction of the isomorphism (37). Since it corresponds to a non-degenerate critical point, e 1 ⊗ e 2 splits off a field, and hence defines a symplectic quasi-state ζ e 1 ⊗e 2 . That this is a product symplectic quasi-state in the sense of (22) and that X 1 × X 2 is superheavy for ζ e 1 ⊗e 2 follows from [EP09, Theorems 1.7 and 5.1].
3.2. Using the Abreu-Macarini construction to prove Theorem 1.2. For a positive α < 1 n+1 , let (Y 2n , ω α ) be as in the introduction, with moment polytope coming from an n-dimensional subtorus of the product torus T n × T n−1 × T 1 that acts on (47). This level set will contain a Lagrangian torus
3 , which is superheavy for a spectral quasi-state and quasi-morphism and L α,λ will map to L n λ ⊂ Y 2n under the reduction map. By Theorem 1.1 this will suffice to prove Theorem 1.2.
Proof of Theorem 1.2. By scaling a small blowup (X 2n 0 , ω η ) = (CP n #CP n , ω η ) from Theorem 1.6, we can create a (X 2n 0 , ω 1,α,λ ) whose moment polytope is given by
where C 0 is some large constant and the fiber L 0,η over diag(α + λ), which is near the exceptional divisor, is superheavy for a spectral quasi-state. By shifting the x 2 , . . . , x n coordinates down by λ, the moment polytope for (X 2n 0 , ω 1,α,λ ) becomes is a regular level set of a Hamiltonian T n -action on the product space, and Z contains the superheavy Lagrangian torus L α,λ . The assumptions on λ are used here to ensure that Z is a regular level set. When λ = 0, the face given by x j = −λ = 0 aligns with the face y j = 0, and when λ = 1−(n+1)α 2 , the face given by z 1 = −1 + 2nα + 2λ aligns with the face given by n j=1 x j = (n − 1)α. These alignments cause Z to not be a regular level set. This behavior can be seen in Figures 6 and 7 , as λ goes from small to large.
It follows from Theorem 1.1 that the reduction (Z/T n ,ω α,λ ) inherits a symplectic quasi-state, ζ λ , and quasi-morphism, µ λ , and the reduction of L α,λ is superheavy. The subtorus given by the action of the x i 's is integrally transverse to the subtorus giving the level set Z, and hence the moment polytope of (Z/T n ,ω α,λ ) is given by the projection of Z to the (x 1 , . . . , x n )-coordinates. This is precisely the moment polytope ∆ n α for (Y 2n , ω α ) and the projection of L α,λ gives the fiber over (x 1 , x 2 , . . . , x n ) = (α + λ, α, . . . , α)
which is the description of L n λ ⊂ (Y 2n , ω α ). See Figures 6 and 7 for examples. Therefore it follows from Delzant classification of toric manifolds [Del88] , that (Y 2n , ω α ; L n λ ) is identified with (Z/T n ,ω α,λ ; L α,λ /T n ), and hence L n λ is superheavy for a symplectic quasi-state ζ λ and quasi-morphism µ λ on (Y, ω α ).
